We consider linear systems related to the description of the collision of two solitons for the gKdV equation with quartic nonlinearity. The computations presented in this note are applied in Martel and Merle [10] to prove a result concerning inelastic (but almost elastic) collision for a nonintegrable equation.
Introduction
We consider the quartic generalized Korteweg-de Vries (gKdV) equation:
The objective of this note is to solve some linear coupled systems related to the collision of two solitons for (1) (see also section 2 for the case where the nonlinearity is u 2 ). Recall that equation (1) , unlike the corresponding equations with nonlinearities u 2 or u 3 , is not integrable. In particular, the collision of two solitary waves of (1) is not described by explicit 2-soliton solutions. In [10] , we have introduced a new method to understand the collision of two solitary waves of (1) in the special case where one solitary wave is small with respect to the other. More precisely, denote by Q the unique even solution of Q > 0, Q + Q 4 = Q, Q ∈ H 1 (R), i.e., Q(x) = 5 2 cosh 2 (
and, for any c > 0, let Q c (x) = c (1), called solitons.
From [7] (see also [8] ), there exist solutions u(t, x) of (1) which are asymptotic N -soliton solutions at t → −∞ in the following sense: let N ≥ 1, c 1 > · · · > c N > 0, and x 1 , . . . , x N ∈ R, there exists a unique H 1 solution U of (1) such that
The behavior displayed by these solutions is stable in some sense. Considering for example the case of two solitons, there exist a large class of solutions such that, as t ∼ −∞, u(t, x) = Q c1 (x−x 1 −c 1 t) + Q c2 (x−x 2 −c 2 t) + η(t, x), where c 1 > c 2 and η(t) is a dispersion term small in the energy space H 1 with respect to Q c1 , Q c2 (see [8] ). From the Physics point of view, the two solitons Q c1 and Q c2 have to collide at some time t 0 . In the special case c 2 c 1 (or equivalently, Q c2 H 1 Q c1 H 1 ) and η(t) H 1 Q c2 H 1 , for t close to −∞, we have introduced in [10] explicit computations allowing to understand the collision at the main orders, using a new nonlinear "basis" to write and compute an approximate solution v(t, x) up to any order of size.
Recall that the problem of collision of two solitons is a classical question in nonlinear wave propagation (see [3, 13, 14] ). In the so-called integrable cases (i.e., when the nonlinearity in (1) is u 2 or u 3 ) it is well-known that there exist explicit multi-soliton solutions, describing the elastic collision of several solitons (see Hirota [4] , Lax [5] , Wadati and Toda [12] , and the review paper Miura [11] ). Note that in experiments, or numerically for more accurate nonintegrable models (see Craig et al. [2] , Li and Sattinger [6] , Bona et al. [1] , and other references in [10] ), this remarkable property is mainly preserved, i.e., the collision of two solitons is almost elastic; however, a (very small) residual part is observed after the collision. Equation (1) being not integrable, explicit N -soliton solutions are not available in this case. The results obtained in [10] , using Theorem A of the present paper, are the first rigorous results concerning inelastic (but almost elastic) collision in a nonintegrable situation. We refer to the introduction and the references in [10] for a overview on these questions.
The approximate solution v(t, x) in [10] has the following structure: let k 0 ≥ 1, 0 ≥ 0, and
We set
where for (a k, ) (k, )∈Σ0 ,
. We have obtained in [10, Proposition 2.1]:
We have proved in [10] that for a certain structure of F k, , G k, , one could always solve the system (Ω), see [10, Propositions 2.2 and 2.3].
Using this approximate solution v, and analysis arguments (allowing to relate v(t) to solutions u(t) of (1) 
Then, there exist x
The lower bound in (4) gives the minimal distance of u(t) to a two soliton solution after the collision. It is thus a qualitative version of the nonexistence of pure 2-soliton solution. Estimate (3) means that the speed of faster soliton is increased and the speed of the smaller one is decreased due to the collision.
For the proof of this result in [10] , we needed in particular the resolution of (Ω 1,0 ) and the value of b 2,0 = lim x→+∞ B 2,0 (x) in (Ω 2,0 ). Let Y be the set of functions
The first system (Ω 1,0 ) has been solved in [10, Proposition 2.3 and Lemma 3.1]. We recall
We found a solution (a 1,0 , A 1,0 , B 1,0 ) of (Ω 1,0 ) such that A 1,0 is even, B 1,0 is odd, and 
.) The interpretation of the resolution of the first system is the following: a 1,0 is related to the shift on the first soliton due to the collision and b 1,0 is related to the shift on the second soliton. In particular, in contrast with the cases of the nonlinearities u 2 and u 3 , the shifts on Q and Q c are both negative, see [10, Remark 2] . Note that the explicit computation of B 1,0 is possible but it is not required in [10] .
For the system (Ω 2,0 ), which writes as follows (see [10, Proposition 2.1]):
we claim the following, which is the main result of this note.
is odd, and
The fact that b 2,0 = 0 is fundamental in the proof of [10, Theorem 1] . Note that the explicit computation of b 2,0 in this note does not require the complete resolution of the system (Ω 2,0 ). A main difficulty in solving systems (Ω k, ) is to find explicit antecedents by the operator L. In the proof of Theorem A, we use the resolution of (Ω 1,0 ), b 2,0 = lim +∞ B 2,0 = lim +∞ LB 2,0 and the self-adjointness of L to avoid computing a 2,0 , A 2,0 , and B 2,0 . The structure of operator L is described in Lemma 1.1 in section 1.
Formally, the fact that b 2,0 = 0 means that for t = T c = c
, (i.e., long after the collision time t = 0), we have
Thus, v(T c ) does not match a two soliton solution because of the nonzero term b 2,0 (Q 2 c ) (y c ) (for details, see proof of [10, Proposition 3.1]). Let u(t, x) be the asymptotic 2-soliton solution at −∞, with speeds 1, c. Then, it follows from the analysis in [10] that the size of (b 2,0 Q 2 c ) measures the distance of u(t, x) from a pure two soliton solution after the collision (some analysis arguments are required in addition to deal with the asymptotics in large time, see [9] ). Recall that this is the first rigorous description of inelastic collision of two solitons.
The plan of this note is as follows. In section 1, we prove Theorem A. In section 2, we present some similar computations for the case u 2 in equation (1), used in [10] . The appendix contains the proof of some technical results.
Proof of Theorem A
We first recall the following elementary properties of the operator L (see Lemma 2.2 in [10] ).
is self-adjoint and satisfies the following properties:
(ii) Second eigenfunction:
Proof of Theorem A. The existence part, with the required structure on A 2,0 , B 2,0 , was proved in [10, Proposition 2.3] . In this proof, for the sake of simplicity, we denote
From [10, Proposition 2.1], system (Ω 2 ) writes where (a 1 , A 1 , B 1 ) satisfy (Ω 1 ) and (5) . Recall also the following functions used in the resolution of the system (Ω 1 ) in [10, Lemma 3.1]:
We now claim
Proof of (6) . Denote by V 2 the (even) solution of
Recall from [10, Proposition 
Therefore, from the second line of (Ω 2 ), and then by (7), we obtain
Thus,
Now, we determine a 2 from the equation of B 2 , where we have replaced
Multiplying by Q, integrating, and using LQ = 0 and
(see proof of (9) at the end of appendix A), we obtain
On the one hand, 3Q + 4Q
Thus, by (7), since LQ = 0,
By inserting this value of a 2 into (8), we obtain (6). 
Q Q.
Since
we deduce
and so
We use again A 1 = V 1 − a 1 V 0 and we sort terms by increasing powers of a 1 . We get
We claim the following values for μ 0 , μ 1 , μ 2 , and μ 3 .
Lemma 1.2.
Assuming Lemma 1.2, and using a 1 = −2 Q/ Q 2 , we obtain
This completes the proof of Theorem A provided we prove Lemma 1.2.
Proof of Lemma 1.2. The main ingredient is Lemma A.1 (see appendix).
• Computation of μ 0 .
By Lemma A.1,
Q 8 , and so
Finally,
since, by Lemma A.1, Q 8 = 25 13
• Computation of μ 1 .
We use that
− 12 xQ
Summing up
From Lemma A.1,
and
Therefore,
Summing up, we get
, by Lemma A.1, so that
• Computation of μ 2 .
Thus, 
Thus, • Computation of μ 3 . Replacing A 1,0 and B 1,0 , the first line of the system becomes (LA 2,0 ) = ( We choose γ 2,0 = −2 in (10), so that we consider A 2,0 solution of
